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ABSTRACT: In this paper, we study the implementation of brane worlds in type II string
theory. Starting with the NS/NS sector of type II string, we first compactify the (D + dy + d_)-
dimensional spacetime, and reduce the corresponding action to a D-dimensional effective
action, where the topologies and geometries of My, and M,_ are arbitrary. We further
compactify one of the (D — 1) spatial dimensions on an S'/Z, orbifold, and derive the
gravitational and matter field equations both in the bulk and on the branes. Then, we

investigate two key issues in such a setup:
(i) the radion stability and radion mass; and
(ii) the localization of gravity, and the corresponding Kaluza-Klein (KK) modes.

We show explicitly that the radion is stable and its mass can be in the order of TeV. In
addition, the gravity is localized on the visible brane, and its spectrum of the gravitational
KK towers is discrete and can have a mass gap of TeV, too. The high order Yukawa
corrections to the 4-dimensional Newtonian potential is exponentially suppressed, and can
be negligible. Applying such a setup to cosmology, we obtain explicitly the field equations
in the bulk and the generalized Friedmann equations on the branes.

KEYWORDS: Strings and branes phenomenology, Phenomenology of Large extra dimen-
sions
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1 Introduction

Brane worlds have been studied extensively in the past decade [1], following Horava and
Witten’s (HW) ideas [2], where gauge fields of the standard model (SM) are confined on two
9-branes located at the end points of an S'/Z, orbifold. Out of the 9-spatial dimensions
of the branes, six are compactified on a very small scale close to the fundamental one. A
5-dimensional effective theory of the 11-dimensional HW heterotic M-Theory on S'/Z was
worked out explicitly by Lukas et al. [3], and shown that the radion is stable [4, 5], and its
mass is of the order of 0.1 GeV [5]. In addition, the corresponding tensor perturbations
were also studied, and found that the gravity is localized in the visible (TeV) brane [5].



The spectrum of the gravitational Kaluza-Klein (KK) towers is discrete, and the mass gap
can be in the order of T'eV. The corrections to the 4-dimensional Newtonian potential,
due to the high order KK modes, are exponentially suppressed, and are consistent with
observations [5]. In such a setup, the long standing hierarchy problem, namely the large
difference in magnitudes between the Planck and electroweak scales, may be potentially
resolved by combining the large extra dimension [6], warped-factor [7] and brane-tension
coupling [8] mechanisms. One of the most attractive features of the model, similar to the
RS1 model [7], is that it might be soon explored by LHC [9]. For critical reviews of the
brane worlds and some open issues, we refer readers to [1].

Another important application of brane worlds is to the cosmological constant prob-
lem [10]. In the 4-dimensional spacetimes, there exists Weinberg’s no-go theorem for the
adjustment of the cosmological constant. However, in higher dimensional spacetimes, the
4-dimensional vacuum energy on the brane does not necessarily give rise to an effective 4-
dimensional cosmological constant. Instead, it may only curve the bulk, while leaving the
brane still flat [11], whereby Weinberg’s no-go theorem is evaded. Along this vein, the cos-
mological constant problem was studied in the framework of brane worlds in 5-dimensional
spacetimes [12] and 6-dimensional supergravity [13]. However, it was soon realized that
in the 5-dimensional case hidden fine-tunings are required [14]. In the 6-dimensional case
such fine-tunings may not be needed, but it is still not clear whether loop corrections can
be as small as expected [15].

In addition, by adding an Einstein-Hilbert term to the brane action, Dvali, Gabadadze
and Porrati (DGP) [16] showed that gravity can be altered at immense distances, due to
the slow leakage of gravity off our 3-dimensional universe into bulk. It should be noted that
the DGP model has only one 3-brane, and the spacetime in the direction perpendicular to
the brane is usually infinitely large, in contrast to the RS1 model, where two orbifold branes
form the boundary in the transverse direction of the branes, although later Randall and
Sundrum proposed another model (RS2), in which only one brane exists [17]. A remarkable
feature of the DGP model is that it gives rise to a late cosmic acceleration of the universe,
without the introduction of dark energy [18]. It must be noted that, despite of this great
success, the DGP model, as well as its hybrids, is usually plagued with the problem of
ghost [19, 20], in addition to the problem of the consistency with observations [21, 22].

It should also be noted that the RS1, RS2 and DGP brane worlds, as well as their gener-
alizations [1], are phenomenological models, and how to implement them into string/M the-
ory is still an open question, despite of some important efforts along this direction [23, 24].
Such an implementation turns out to be extremely difficult, as one would expect, given the
complexity of the theory. It was exactly because of this that most of the previous works
on brane worlds are phenomenological, and should be considered only as an intermediary

bridge between observations and fundamental theory.

Lately, as part of the efforts of implementing the RS1 model into string/M theory,
the orbifold branes and their applications to cosmology were studied systematically in the
framework of both the Horava-Witten heterotic M-Theory [5, 25] and string theory [26-28]
on S'/Z,. From the point of view of pure numerology, it was found that the 4D effective



cosmological constant can be cast in the form,

A4 R R M QN 4
= =3| — — M, 1.1
& 8mGy (lpl> (Mpl ) & (1)
where R denotes the typical size of the extra dimensions, M the energy scale of string or
M theory, and (ag,ap) = (10,16) for string theory [26] and (ag, ay) = (12,18) for the

HW heterotic M Theory [25]. In both cases, it can be shown that for R ~ 10722 m and
M ~1TeV, we obtain pp ~ pa,op =~ 107%7 GeV*4. In contrast to that in Einstein’s theory,

the domination of this term is only temporary. Due to the interaction of the bulk and the
brane, the universe will be in its decelerating expansion phase again, whereby all problems
connected with a far future de Sitter universe [29, 30] are resolved. This feature was also
found in the DGP model [16]. Therefore, a late transient acceleration of the universe seems
to be a generic feature of brane worlds.

It was also showed that the radion is stable, and its mass is about 10~! GeV in the
Horava-Witten heterotic M-Theory [5] and 1072 GeV in the string theory [28]. Similar to
those in M theory, the gravity in string theory is also localized on the visible (TeV) brane.
The spectrum of the gravitational KK towers is discrete with a mass gap that can be in the
order of TeV. The high order Yukawa corrections to the 4-dimensional effective Newtonian
potential are exponentially suppressed.

In this paper, we shall continuously work along the direction of implementing the
RS1 model [7] into string/M theory. In particular, In section II, starting with the Neveu-
Schwarz/Neveu-Schwarz (NS/NS) sector of type II string, we first consider the compact-
ification of the (D + d; + d_)-dimensional spacetime on two manifolds My, and My_,
where the topologies of My, and My_ are unspecified. This opens the possibility of hav-
ing the dilaton and modulus fields non-zero potentials (masses), which is in contrast to
the toroidal compactification considered in [26-28], in which these scalar fields are always
massless [31-33]. After reducing the action to an effective D-dimensional one, we further
compactify one of the (D — 1) spatial dimensions on an S'/Z, orbifold. Lifting it to the
original spacetime, they represent (D + d; + d_ — 2)-dimensional orbiford branes. The
corresponding gravitational and matter field equations both in the bulk and on the branes
are derived separately in section III, while in section IV such developed formulas are ap-
plied to cosmology by setting D =5 = d; + d_. In particular, the generalized Friedmann
equations are given explicitly on the branes. In section V the radion stability and radion
mass are studied, while in section VI, the tensor perturbations are investigated. It is found
that the radion stable, and the gravity is localized on the visible brane. Both the radion
mass and the mass gap of the gravitational KK towers can be in the order of TeV, by
properly choosing the free parameters presented in the model. The high order Yukawa
corrections to the 4-dimensional Newtonian potential, due to the high order KK modes, is
exponentially suppressed, and can be negligible. The paper is ended with section VII, in
which we summarize our main results and present some remarks to the future work.

To have this paper as much independent as possible, for the sake of reader’s conve-
nience, some parts might be repeated from our previous studies of the problems, although
we try to limit these to their minimum.



Before proceeding further, we would like to note that, to have a late time accelerating
universe from string/M-Theory, Townsend and Wohlfarth [34] invoked a time-dependent
compactification of pure gravity in higher dimensions with hyperbolic internal space to
circumvent Gibbons’ non-go theorem [35]. Their exact solution exhibits a short period of
acceleration. The solution is the zero-flux limit of spacelike branes [36]. If non-zero flux or
forms are turned on, a transient acceleration exists for both compact internal hyperbolic
and flat spaces [37]. Other accelerating solutions by compactifying more complicated time-
dependent internal spaces can be found in [38].

We conclude our introduction with a few comments about possible connections that
our models may have with supersymmetric theories of braneworld scenarios. Since this
is a paper on cosmology, we do not address the issue of supersymmetric embedding or
the breaking of supersymmetry. Our approach in this paper is partly string theoretic and
partly phenomenological, and hence the supersymmetric embedding of our model deserves
further study. Nevertheless, it is worthwhile to flesh out the challenges facing a full super-
symmetrization of our model by making some general comments in light of recent important
works [39] on supersymmetry in braneworld scenarios.

In [39], the authors have investigated the constraints on braneworlds coming from
supersymmetry. In particular, the last paper in [39] subsumes in its analysis several earlier
works. In their setup, the authors consider a particularly simple gauged supergravity
theory, which is obtained (before the inclusion of branes) by gauging the U(1) subgroup
of the symplectic group (SU(2)) of pure N = 2 supergravity in five dimensions. (For more
general settings in which braneworlds are embedded in gauged supergravities, see [40]).
The general conclusion of these works is that to preserve supersymmetry the tensions of
the branes have to satisfy a certain inequality. From this point of view the choice of the
tensions in the Randall-Sundrum model corresponds to the value of the tensions saturating
the bound. However, in these models the cosmological constants on the branes are directly
proportional to the tensions. There are solutions to these models which are cosmological
(de Sitter to be more precise) and as one would expect from very general grounds these
cosmological models break supersymmetry.

We have not investigated what sort of gauged supergravity theories could realize our
setup. Although our choice of the brane tensions are identical to that of Randall and
Sundrum, we still don’t expect supersymmetry to be preserved in our models, due to the
fact that we introduce phenomenological Goldberger-Wise fields in the bulk and the branes
(however, see [41] for string theoretic sources for such a field). In contrast to the works
mentioned above, where the radion is generically set to its vacuum expectation value, we are
interested in how a radion potential is induced through the introduction of the Goldberger-
Wise field in the presence of some of the background moduli fields. We find a regime in
which the radion is stabilized at a value of the cosmological constant that is positive. One
then expects that a necessary condition for supersymmetry would be when the minimum
Vo (Y™™) of the potential is either zero or negative. But we find that in the limit when
Va (Y MM) — 0, the two branes coalesce (i.e., Y™ — 0). Since we expect quantum gravity
corrections to be strong in that limit, we cannot trust the supergravity lagrangian that we
started from. Thus in a sense we are restricted to the cosmological regime in our paper, and



it will require further calculations to make more precise connection with gauge supergravity
braneworld models. We leave this as an exercise for the future. The importance of this
exercise stems from the fact that the precise mechanism of supersymmetry breaking will
control the higher order corrections to the potential explored here.

2 The model

In this section, we consider the compactification of the NS/NS sector in (D + dy + d_)-
dimensions, and obtain an effective D-dimensional action. Then, we compactify one of the
(D —1) spatial dimensions by introducing two orbifold branes as the boundaries along this
compactified dimension.

2.1 Compactification of the NS/NS sector

Let us consider the NS/NS sector in (D 4 d. +d_)-dimensions, My = Mp x Mg, x Mg_,
where Mgy, and My_ are d and d_ dimensional spaces, respectively, and N = D+d +d_.
To have our formulas as much applicable as possible, we shall not specify the topologies of
these spaces. The action takes the form [31, 32, 42],

. 1 e [z ANEES:
KN

where V denotes the covariant derivative with respect to §4% with A, B=0,1,...,N —1,
and ® is the dilaton field. The NS three-form field H ABc is defined as

Hape = 304Bpc) = 0aBpc + 0Boa + 0cBas, (2.2)

where the square brackets imply total antisymmetrization over all indices, and

(2.4)

where G and My denote, respectively, the N-dimensional Newtonian constant and Planck
mass.

In this paper we consider the N-dimensional spacetimes described by the metric,
ds% = gapdz?dz®

2 (a o 20 (x
= Gap () dzda® + e Ty v )h;; (z4)dzidz) +e v )h;q (2_)d2"dz%, (2.5)

where gup(z) is the metric on Mp, parametrized by the coordinates z% with a,b,c =
0,1,...,D—1, h;; (24) the metric on the compact space Mg, with coordinates zi, where
i,j=D,D+1,....,D+d —1, and hy (z—) the metric on the compact space My _ with
coordinates 2z’ , where p,q =D +d,,D+d, +1,...,N — 1.



We assume that the daliton field ® is function of 2%, and the flux Bep is block diagonal,

Bab(x) 0 0
<BCD> = 0 €£+(x)Bij (z4) 0
0 0 e~ @B, (22)
(2.6)

Then, it can be shown that the non-vanishing components of Hapc are

ﬁabc = Habc - 38[aBbc]7

Hiji, = e Hijp = 3¢5+ 0By,
par et~ Hpgr = 3et- OB

Hyij = Bije* Vaéy,

Hapg = Bpge® Vb, (2.7)

m)
Il

where V, denotes the covariant derivative with respect to §*°. On the other hand, we also
have

Blg) = Rold) + ¢ VY Ry, 0]+ ¢ VYR [h] - 259.9,0
D (Guy) = D (S0 ) - VT (S0 ) () @29)

2 2
where

[ Q
Q= 7¢++ 71#- (2.9)

Making the following conformal transformations,

Gop = PG, Q= B2, (2.10)
we find that
Rplg) = @*{ Rplg] +2(D = )OI Q — (D = 2)(D — 1) (VI Q) |,
7V.VQ = 02(0Q — (D - 2) (VQ) (Vi) ), (2.11)

where 0 = ¢*V,V,, and V, denotes the covariant derivative with respect to g?. Then,
combining egs. (2.8) and (2.11), we obtain

A R ~ AN 2 1 -
~ —® ~ Loy
VIinle {RN[91+ (va) - La }
N — 2y 1 4 2
= \/IgDhWI{RD[gHez% <e d+w+Rd+—|—6 Y Rd—EH2>+mDQ

2D-1)_. 1
0p— ——
D—2 D—2

(v(Q-8)) 5 (v~ <vw>2},<2-12)



where

ﬁ2—e6(§ ;)H2+3e2(§ ;)( (£+ FW)B?(V@ +e< —J& - )BQ(V§)>

2 2
—{—62£+731 / Hw-o—Hi + 626—73\/ Ew_ Hz, (213)
with
abc(x)Habc( )
H42r = Hiji (24 )HUIC (24)
H? = Hygr (2-) HP" (2-),
B = Byj(z4) BY (24),
B? = Bpy(2_) B" (), (2.14)
and
Pt WG =05 215

Substituting egs. (2.13) and (2.14) into eq. (2.1), and then integrating it by part, we
obtain the D—dimensional effective action in the Einstein frame,

1
S%E) = ) / VlgpldPx <RD[9] - Eﬁf’ (@%&)), (2.16)

where ¢, = {¢,14 }, and

2

KN
= 2.17
K/D Vd+Vd7 5 ( )

/\/|hi| d% 2y,
Egg) = —Z V(;Sn —e ~VD- 2¢H2+a e§+ \/7w+ (V&) 2ta_ eE \/71#7 (VE)

_ /2 _ /2 _ /18 _ /18
_eVDE? <6+e \/ZWJrB_e \/wa—%e2£+ vty dw>, (2.18)

S
Il

and

¢ = \/DL@—Q), (2.19)

ay = 4V d¥%* 2y \/|h*|BL (21),

b = 2 / d*zs /IR (22),
vy = d% 2y \/|hE[HE (22). (2.20)

12V



2.2 S'/Z, compactification of the D-dimensional sector

We shall compactify one of the (D — 1) spatial dimensions by placing two orbifold branes
as its boundaries. The brane actions are taken as,

D 1m: _61/ o \/ gg 1 VD 1 (Pns &) dD 15(1

_ I I
+/]w(1) dD 15(1) ‘9&)11‘ X Eg)ll,m (¢n’£iaX)a (221)
D—1

where I = 1,2, Vl()lzl (¢n, &+ ) denotes the potential of the scalar fields ¢,, on the branes, and
5{‘1)’5 are the intrinsic coordinates of the branes with py,v = 0,1,2,..., D—2 and ¢; = —€g =
1. x denotes collectively the matter fields. The two branes are localized on the surfaces,

Oy (z%) =0, (2.22)
or equivalently
2% = g <55)) . (2.23)
gg)_l denotes the determinant of the reduced metric gfL{) of the I-th brane, defined as
I _ (Da _(1)b
g;(w) = 9ab€(,) €(v) IO (2.24)
D—1
where 90
o a x
. 2.25)
=2 (
u (95 B
Then, the total action is given by,
E.I)
total Z SE) 1,m" (226)

3 Field equations both outside and on the orbifold branes
Variation of the total action (2.26) with respect to the metric g, yields the field equations,

2
a®P) _ n%Téf)) +RQDZ%(,£)6,§I’ u)eéL V) o

ab (31)
I=1

where d(z) denotes the Dirac delta function, normalized in the sense of [43], and the
energy-momentum tensors Téf)) and ’];L(,f) are defined as,

1 n 24— /¥
KT = 5 (V") (Viga) +are TV E" va£+><vb£+>
N — /8 1
+a_ 25 . ng D 2 ¢H cde el §gab'c([)E)’ (32)
T = 80 4 £ (DgD),
55(”
I _ D—-1,m I) p(1)
S =2 S gl(W)ED_Lm, (3.3)



where ¢ = ¢,,, and

TISI) = flvél_)l ((bnale:) .

(3.4)

Variation of the total action (2.26), respectively, with respect to ¢, ¥y, &+ and By,

yields the following equations of the matter fields,

1 8
12V D -2
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where
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O¢y

()

Oab

g

)
9&)71

6(Py),
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(I
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(N
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(N
_ 92 Doim
oy
)
= —2&%7551)71’7”
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(3.5)

(3.6)

T 2%
2004

(3.7)

(3.8)

(3.9)

Eq. (3.1) and egs. (3.5)—(3.8) consist of the complete set of the gravitational and mat-

ter field equations. To solve these equations, it is found very convenient to separate them

into two groups, one is defined outside the two orbifold branes, and the other is defined on

the two branes.



3.1 Field equations outside the two branes

To write down the equations outside the two orbifold branes is straightforward, and they are
simply the D-dimensional gravitational field equations (3.1), and the matter field equations
egs. (3.5)—(3.8) without the delta function parts,

1 8 _ /8 [ 2 /8 _
DQS:_E D—2¢H2_ D_Qe 55 @

D—2°
_ /2 _ /2 _ /18 _ /18
X (ﬁ_,_e vy v + e Vi- o ’y_i_e%+ ay Yt _ 7_6267 = w) , (3.10)

[ _ /8 _2
D¢i — —ay %6252‘: ditbi (vgi)Qe D—5 ¢

[ 2 — /2 [18 -/
X<ﬁi EG diwi—% ae%i diwi>, (3.11)

D6y = — (VEL) + ,/% (Vats) (Virps) + 2E eV P2 OVa s (3.12)

a+

/| 8
Vchb — m HcabchS. (313)

Therefore, in the rest of this section, we shall concentrate ourselves on the derivation of

the field equations on the branes.

3.2 Field equations on the two branes

To write down the field equations on the two orbifold branes, one can follow two different
approaches: (i) First express the delta function parts in the left-hand sides of egs. (3.1)
and (3.5)—(3.8) in terms of the discontinuities of the first derivatives of the metric coef-
ficients and matter fields, and then equal the corresponding delta function parts in the
right-hand sides of these equations, as shown systematically in [44, 45]. (ii) The second
approach is to use the Gauss-Codacci and Lanczos equations to write down the (D — 1)-
dimensional gravitational field equations on the branes [46]. It should be noted that these
two approaches are equivalent and complementary one to the other. In this paper, we
shall follow the second approach to write down the gravitational field equations on the two
branes, and the first approach to write the matter field equations on the two branes.

3.2.1 Gravitational field equations on the two branes

From the Gauss-Codacci equations, we we obtain [46],

GO — gD 4 BD) 4 FOD), (3.14)
with
D-3 a a 1
_ D) a b c d
B = Copune(uynel,
_ 1 a
‘7:1(;/) 1) = K;D\Kzi\ - KKAW - §g,ul/ (KaﬁK b K2) ’ (315)

,10,



where n® denotes the normal vector to the brane, G(P) = g“nglb)), and Céé)c)d the Weyl
tensor. The extrinsic curvature K, is defined as
Ky = €€l Vanp. (3.16)

A crucial step of this approach is the Lanczos equations [47],

k0] ot [519) — —rid a1
where
[KL{)} = limg, o KDt —limg, o KD,

[Ku)} S = gD [K/g)] o (3.18)

Assuming that the branes have Z5 symmetry, we can express the intrinsic curvatures
K,(j,) in terms of the effective energy-momentum tensor ’ZL(I{) through the Lanczos equa-
tions (3.17). Setting

SO =1 + gV gD, (3.19)

where g,(f) is a coupling constant of the I-th brane [8], we find that

7D =70+ (o + 740 D). (3.20)

Then, Gfgil) given by eq. (3.14) can be cast in the form,

GOV =D+ ED + &0 + khmw + 551w + Ap—10w, (3.21)
where
Ty = i {TH,\T;\ — ﬁﬂ}w — %g,w (TO‘BTaﬁ — D%#) } ,
5&5—1) = %Tp X [TW + <gk + %Tp> glw] , (3.22)
and
HQD—l = %gw‘b,
Ap_1 = %gi’f%- (3.23)

For a perfect fluid,
Tuy = (p + p) Uy — PYuv, (3'24)
where u,, is the four-velocity of the fluid, we find that
D-3 1
T = mp x [(P +p) upuy — <p + §P> guu} . (3.25)

Note that in writing eqgs. (3.21)—(3.25), without causing any confusion, we had dropped
the super indices (I).

— 11 —



3.2.2 Matter field equations on the two branes

On the other hand, the I-th brane, localized on the surface ®;(x) = 0, divides the spacetime
into two regions, one with ®;(z) > 0 and the other with ®;(z) < 0. Since the field equations
are the second-order differential equations, the matter fields have to be at least continuous
across this surface, although in general their first-order directives are not. Introducing the
Heaviside function, defined as

1, x>0,
H(x) = {O 2 <0 (3.26)

in the neighborhood of ®;(z) = 0 we can write the matter fields in the form,
F(z) = F"(2)H (®1) + F~(2)[1 - H(®1)], (3.27)

where F' = {¢, 1+, &4, B}, and F™ (F7) is defined in the region ®; > 0 (®; < 0). Then,
we find that

Fo(z) = Fy(2)H (27) + F, (2) [1 - H (®1)],
_0%r(x)

Fap(x) = F:b(x)H (®r) + Fo (@) [1—H(®7)] + [Fla] Db

5(®r),  (3.28)

where [F,]” is defined as that in eq. (3.18). Projecting F, onto n® and e(, directions, we
find

Fo=Fuel) = Fung, (3.29)
where
Fp,=n"F, F,= e‘(lM)F,a. (3.30)
Then, we have
[Fa] ™ n® = [Fal]",
[Fal™ e?“) = 0. (3.31)

Inserting eqs. (3.29)—(3.31) into eq. (3.28), we find

Fup(w) = Fiy@)H (¥7) + Fy(a) [1 = H (1) = [Fa] nanpN; 6 (®7),  (3.32)

where N; = 1/|(I>[7CCI>’IC|, and

1 0®;(x)
Ng = — .
Ny Ox®
Substituting eq. (3.32) into egs. (3.5)—(3.8), we find that the matter field equations on the

branes read,

(3.33)

_ ovd)

[¢,(7Iz)} S (2/42,361 al()];l —i—aél)) : (3.34)
_ (:)V(I)

o) = o0 (e B 4o, 559
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where

Hpp = Hegpn®, O = (3.38)

This completes our general description for (D + dy + d_)-dimensional spacetimes of
string theory with two orbifold branes.

4 10-dimensional spacetimes and brane cosmology

In this section, we restrict ourselves to the 10-dimensional spacetimes of string theory
with D = 5 and dy + d_ = 5. It can be shown that the general metric for the five-
dimensional spacetime with a 3-dimensional spatial space that is homogeneous, isotropic,
and independent of time must take the form [5],

dsg = gupdz®dz? = gyndaMdzN — eQw(wM)dEQ, (4.1)
where M, N = 0,1. Choosing the conformal gauge,
goo = g11, go1 =0, (4.2)
we find that the five-dimensional metric finally takes the form,
dsz = 7Y (dt? — dy?) — > gy, (4.3)
It should be noted that metric (4.3) is still subjected to the gauge freedom,
t=ft'+y)+9t' =), y=Fft"+y)—glt' =), (4.4)

where f(t' + ') and g(¢' — ') are arbitrary functions of their indicated arguments.

It should be noted that in [48] comoving branes were considered, and it was claimed
that the gauge freedom of eq. (4.4) can always bring the two branes at rest (comoving).
However, this excludes colliding branes [5, 24, 33]. In this paper, we shall leave this
possibility open.

4.1 Field equations outside the two branes

To have the problem tractable, in the rest of this paper, we shall turn off the flux, i.e.,
Bep =0, (4.5)

so that
E&.=0, ar =0, v =0. (4.6)
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Then, it can be shown that outside the two branes the field equations (3.1) have four

independent components, which can be cast in the form,

wi +wy(we—20)+
1
Fwyy twy(Wy —20y) = 6 (¢2t + ¢,2y + ¢i,t + ¢i,y + 7/13715 + 7/134/) , (4.7)

2
2U,tt + Wit — 3w,t +

_ 1
— (20, + wyy — 3w,y ?) — 4ke* ) = 92 (0% —ofy + vt — v, +vl, —v?,), (48)
1
Wiy T wawy = (g +0ywe) = —e Dby +bratiy + Y-t y), (4.9)
Wit + 3w,t2+
1
— (woyy +3w,%) + 2k = 5620‘/5- (4.10)

On the other hand, the Klein-Gordon equations (3.10) and (3.11) take the form,

2
Gt + 30w — (D yy + 30 ywy) = _\/;eza%’ (4.11)
Yipr + 34 1wy — (Vpyy + 3w y) = 7 Vs, (4.12)
2
¢*7tt + 37/)7,25‘”,15 - (T/Jf,yy + 3¢,yw,y) = \/;BQOVE), (4-13)

with

Vs = e\/g¢ <ﬂ+€_w+ + ﬂe_\/gw> . (4.14)

4.2 Field equations on the two branes

Egs. (4.7) - (4.12) are the field equations that are valid in between the two orbifold branes,
ya(ta) <y < yi(t1), where y = yr(t7) denote the locations of the two branes. The proper
distance between the two branes is given by

Y1
D(t) = / ¥ dy. (4.15)
Y2
On each of the two branes, the metric reduces to
dsg‘Mf) = gfﬁdq‘])dg(”[) = drif — a® (17) A%}, (4.16)

where fé‘I) = {71,7,0, ¢}, and 77 denotes the proper time of the I-th brane, defined by

. 2
dr; = 60[151(71)7311(7'1)} 1— <£> dt;.
lr

(4.17)

)

a(rr) = ewltr ()i (7r)]

with ¢; = dyy/dr, etc. For the sake of simplicity and without of causing any confusion,
from now on we shall drop all the indices “I”, unless some specific attention is needed.

— 14 —



Then, the normal vector n, and the tangential vectors e‘(lu) are given, respectively, by
ng = €2° (—yéé + iég) ,
n® = — (463 +i67) |
eaﬂ') = t(;g + y'(SZ, e?r) = 5?’
eae) = 4y, e‘(ﬁp) = dg. (4.18)
Then, it can be shown that
G = G9)5787 = G557 0L goun
EG) = E® (36767 — 0700 gmn) , (4.19)

where

Q

RC)
G
Il

1

56720 (@,215 - ,2y + ¢«2ht - ¢<2hy + 7/)%,15 - zb%,y)
5 1

Y [(V§)? + (Vii)® + (Vo )?] + ZVSa

G5 = 2 [+ 42+ 02 ]+ o (VO + (V9)? + (V9o )?] - V5,
1

E(5) = 66_20 |: (O’Jt — w7tt) — (U,yy — w,yy) + kez(a_w)}, (420)

with ¢, = n*V,¢. Then, it can be shown that the four-dimensional field equations on
each of the two branes take the form,

k 8 G
H2+ D = A 6) 4 pOG) ¢ 4.21
+ —(p+ )+ + g + 3pA (p+1)°, (4.21)
. e
g =——3 (p+3p—27) + A E® (9(5 + 39 )
2nG
BETN [p (204 3p) + (p+3p — 1) 7], (4.22)

where H = a/a,, A = Ay and G = Gy.
On the other hand, from egs. (3.34) and (3.35), we find that

. (1)

[q(,{)} - <2/<;§q—ag‘; +a§f’> v, (4.23)
. avD

[wg’)n} = — <2/€§6[ Jvs + (I)> . (4.24)

5 Radion stability and radion mass

In the studies of branes, an important issue is the radion stability. In this section, we
shall address this problem. For such a purpose, let us consider the 5-dimensional static
metric with a 4-dimensional Poincaré symmetry, which is given by eq. (4.3) with £ = 0 and
o(y) = w(y), that is,

ds? = 27 (nudztdz” — dy2) . (5.1)

,15,
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Figure 1. The function |y| appearing in the metric eq. (5.2).

Then, we find that the corresponding solutions are given by,

1
a(y) _ gln <|y|zy0> ’

¢(y) _ clln<‘y’z_y0> +¢07

Yy(y) = caln <M> + 99,

L

3 +

V-(y) = /5c2In Il 150 + 92, (5.2)
2 L
where ¢1,y9, L, 09, ¢o, and ¢9r are all arbitrary constants, and
2(8—3c3

cy = 4 ( 01)’

15

¢g=:¢§<%@—ln<§£#>>. (5.3)

The function |y| is defined as in figure 1.

Then, it can be shown that the above solution satisfies the gravitational and matter
field equations outside the branes, eqgs. (4.7)—(4.12). On the other hand, to show that it also
satisfies the field equations on the branes, given by eqgs. (4.21)—(4.22) and eqgs. (4.23)—(4.24),
we first note that the normal vector n?l) to the I-th brane is given by

nip = —ez(f)e_g(yf)ég, (5.4)
and that
f=eW y=0,
8
) _ _g® __ 2 €_>3 5.5

where y; = y. > 0 and y2 = 0. Inserting the above into egs. (4.21) and (4.22), and
considering the fact that H = 0 we find that these two equations are satisfied for TM{/ =0,
provided that the tension TIgI) defined by eq. (3.4) satisfies the relation,

) 8/3
(1) ()2 _ _PA L
<T(¢7¢'i) +2pn ) 97G. L2 \ y1 + yo ’ (5.6)
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(1)

where p, ' denotes the corresponding energy density of the effective cosmological constant

on the I-th brane, defined as pE\I) = AD/(87G). On the other hand, from eqs. (4.23)
and (4.24) we find that

(9‘/4(1) B cl€r (5.7)
¢ w2(yr+wo) .
(9‘/4(1) B Co€g (5.8)
Oy RE(yr + o)’ '
v VBoe (5.9)
o V262 (yr + Y0)’ .

To study the radion stability, it is found convenient to introduce the proper distance

Y, defined by
v o 3L [ (vt SN 1
T4 ( L ) a <f) ‘ (5.10)

Then, in terms of Y, the static solution (5.1) can be written as

ds? = e_QA(Y)anm“dm” —dYy?, (5.11)
with
_ L[4 \Y\+YO
4 )
3 (Y +Y
oy 4c11n< I 2
_3, (\% +Y
b (V) = S0 ( ' ' °)+w$,
(|Y|+Yo) 0
(V) = In (—— % 5.12
y-(v) \/322( ) e, (5.12)
where s 43
Yo =7 (L) . (5.13)

Following [49], let us consider a massive scalar field ® with the actions,
Ye
Sy = /d%/ dY /=g ((vq>)2 — M2<1>2>,
0

St = —ag /M(I) d*z/ —gfll) (<I>2 — v%)2, (5.14)
4

where oy and vy are real constants. In this paper we introduce this field as a purely
phenomenological field. However, the introduction of such an action can be given string
theoretic justification as coming from the massive breathing modes of sphere reduction
of string theory effective actions [41]. Since the geometry of our internal spaces is left
arbitrary, it is presumably possible to obtain the Goldberger-Wise field from our compact-
ification. This is a question that we plan to return in the future.
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Then, it can be shown that, in the background of eq. (5.11), the massive scalar field

® satisfies the following Klein-Gordon equation

2
O —4A'Y — M?® = 2a;P (9* — vf) 6(Y — V7). (5.15)
I=1

Integrating the above equation in the neighborhood of the I-th brane, we find that

do(Y) ¥t

2 2
Wy =20;®; (P —v}), (5.16)
where &7 = ®(Y7). Since

- de(Y) - de(Y) /

1 = — lim —— = -9/ (Y,
vyt dY yoye Y (o).

. de(y) . de(y)
Jm oy = iy =20 (5-17)

we find that the conditions (5.16) can be written in the forms,

(Vo) = —ay @y (97 —07), (5.18)
P'(0) = ax®y (03 — v3). (5.19)

Inserting the above solution back to the actions (5.14), and then integrating them with
respect to Y, we obtain the effective potential for the radion Y,

Ve (Vo) = — /0 vy s (Vo) - Mm?0?)

—+€

2 YI+E I 2
+Za1/ dvy/—g{" (9% —v3)* x 5 (Y = V)
=1 Yi—e

= ¢ MMP(Y)P/(Y)

Tt S ar (92— v})% e 140D, (5.20)

For the background solution given by eq. (5.12), one find that in the region 0 < Y < Y,
eq. (5.15) reads,
?®  1d®
d22 " zdz
where z = M (Y + Yp). Eq. (5.21) has the general solution,

—d =0, (5.21)

O = alp(z) + bKo(z), (5.22)

where Iy(z) and Ky(z) denote the modified Bessel function of the first and second kind,
respectively [50]. In the limit that a;’s are very large [49], egs. (5.18) and (5.19) show that
there are solutions only when ®(0) ~ vy and ®(Y.) ~ vy, that is,

v ~ alj + bKF, (5.23)
ald +bK ], (5.24)

12

U2
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where 2z, = M (Y. +Yy), 20 = MYy, I = Iy () and K} = Ko (). eqs. (5.23) and (5.24)
have the solution,

1
a~ < (leg -1 K§),
1
b~ < (vaI§ — v113) (5.25)
where
A= IKY — IDK. (5.26)

Inserting eqs. (5.22) and (5.25) into eq. (5.20), we find that

4
Vo (Vo) =~ ?)L—A{Wc o1 (IOKS + IEKY) — vy (ISKT + IEKE)]

oz [vg (IEKY + I9KG) — vy (ISKY + IVKY)] } (5.27)

To further study the potential, let us consider two different limits, zg > 1 and zg < 1. With
all these free parameters at hand, it is not difficult to see that the mass of the radion should
be also in the order of TeV, as we obtained previously in both string [28] and M theory [5].

5.1 2> 1
When zg > 1, we have z. = zg + MY, > 1. Then, we find

1 4
Ip(z) ~ L1(2) ~ \/%e ,

Ko(z) ~ Ki(z2) ~ \/ge_z. (5.28)

Inserting the above expressions into eq. (5.27), we obtain

42’0

Yo) > oo
Ve (Y) 3L sinh (MY,)

{(v12 + U22) cosh (MY,) — 2v1v2} , (5.29)

which has a minimum at

. 1 . U12 + U22
y™min — — cosh ™! [ ——— 5.30
¢ M cos < 21)11)2 ( )
where
*Vy (Ye) N 1620 M2\ (v1v2)” <0
8}/62 Y =Ymin. N 3L |’U% — ’U%‘ ’
oo, Y.=0,
Vo (V) =~ { ‘ (5.31)
00, Y. = oo.

Figure 2 shows the potential schematically, from which we can see that it always has a
minimum at a finite and non-zero value of Y.. Therefore, in the present setup, the radion
is stable in the limit M > 1/Yj.

,19,



AVqJ(YJ

0 YCmin.

> Y

Figure 2. The potential Vg (Ye) given by eq. (5.29) for M > 1/Yj.

To calculate the corresponding radion mass, we need to know the precise relation
between Y. and the radion scalar ¢. Following [5, 49], we find that

1/2
12 [Ye o 1/2 4(Y. 1Y) 3/2 1Y, 3/2
= |- Y = /6LM3 —c 7 — | = . (5.32
e () e () -(51) e

Then, we obtain that

_ PVp (Vo)

2
My 20,2

M2 [16Yy\ /2 2 2 4 2
O e e = WyCEY
Yc:YCmm' M5 27L |v1 — 2}2{ 2?)1?}2

where M2 = MV, Vy_, as can be seen from egs. (2.4) and (2.17).

5.2 k1

When z < 1, we find

IQ(Z) ~ 1, [1(2;)

12

12

W

Ky(z) ~ —1In(2), Ki(z) (5.34)

Then, eq. (5.27) reduces to

V1 — U9
3LY,

Vo (Ye) ~ {(v1 —v2) (4= 23 In (20)) Yo + 2§ (v2 — 2v1 In (20)) Yo},  (5.35)
for Y. < Yy. Figure 3 shows the potential schematically, from which we can see that it
has non-minimum. That is, the radion is not stable for M < 1/Y;. Combining it with
last case, we find that there must exist a critical M., for which the radion is stable when
M > M. > 0, and not stable when M < M.,.
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Figure 3. The potential Vg (Ye) given by eq. (5.35) for M <« 1/Yj.

6 Localization of gravity and 4D effective Newtonian potential

To study the localization of gravity and the four-dimensional effective gravitational poten-
tial, in this section let us consider small fluctuations hg, of the 5-dimensional static metric
with a 4-dimensional Poincaré symmetry, given by egs. (5.1) in its conformally flat form.

6.1 Tensor perturbations and the KK towers

Since such tensor perturbations are not coupled with scalar ones [51], without loss of
generality, we can set the perturbations of the scalar fields to zero, i.e., d¢p, = 0. We shall
choose the gauge [7, 17]

hay =0, By =0=0"h,. (6.1)

Then, it can be shown that [52]

1 3
5GY) = —55shas = 5 {(0c0) (0°hap) — 2[Us0 + (9c0) (9°0)] hav}
5 1
R30Ts) = —ha (Z (Vén)* ~ 2%) ,
0TS = (7p+ A) Py, (6.2)

where 05 = 70,0, and (9.0) (0ha) = 1°(0:0) (04hap), with 1 being the five-
dimensional Minkowski metric. Substituting the above expressions into the gravitational
field equations (3.1) with D = 5, we find that in the present case there is only one inde-
pendent equation, given by

~ 3 3 ~
|:|5hu1/ + 5 <0-/I + 50-/2> h/»‘“’ == 0, (63)
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Figure 4. The potential defined by eq. (6.6).
where hy,, = 6_30/2ﬁuy. Setting
iLW(x,y) = h;w(x)i/f(y)a
Os = O4 — V2 = 98,0, — &2,
Oshp(x) = —mQhW(az), (6.4)
we find that eq. (6.3) takes the form of the schrédinger equation,
(=Vi+ V)¢ =m?), (6.5)
where
3 3 1 0 o (y—
2 2 A(lyl+w0)* v Yt o

From the above expression we can see clearly that the potential has a delta-function well at
Y = Y., which is responsible for the localization of the graviton on this brane. In contrast,
the potential has a delta-function barrier at y = 0, which makes the gravity delocalized on
the y = 0 brane. Figure 4 shows the potential schematically.

Integration of eq. (6.5) in the neighbourhood of y = 0 and y = y, yields, respectively,
the boundary conditions,

lim ¢'(y) = ——— 1i ,

i ) = g ) 67
) Lo

ylif(f)l+1/1 (y) = Q—y()yh_fg+ (). (6.8)

Note that in writing the above equations we had used the Z, symmetry of the wave
function .

Introducing the operators,

3 3
Q=V, - 50’, Ql=-v, - 50’, (6.9)

— 292 —



AW

Xo Xq X

Figure 5. The zero-mode wavefunction given by eq. (6.11), from which we can see that the gravity
is localized on the visible brane at x = x..

eq. (6.5) can be written in the form of a supersymmetric quantum mechanics problem,

Q- Qv = m*, (6.10)

which, together with the boundary conditions (6.7) and (6.8), guarantees that the operator

Q- Q is Hermitian [5, 53]. Then, by the usual theorems from Quantum Mechanics [54], we

2

can see that all eigenvalues m* are non-negative, and their corresponding wave functions

¥ (y) are orthogonal to each other and form a complete basis. Therefore, the background
in the current setup is gravitationally stable.

6.1.1 Zero mode

The four-dimensional gravity is given by the existence of the normalizable zero mode, for
which the corresponding wavefunction is given by

Yo(y) = No (|y| +y0)'/?, (6.11)

where Ny is the normalization factor, defined as

2

No= | ————.
Ye (yc + 2y0)

(6.12)

Eq. (6.11) shows clearly that the wavefunction is increasing as y increases from 0 to y,. [cf.
figure 5]. Therefore, the gravity is indeed localized near the y = y. brane.

6.1.2 Non-Zero modes

In order to have localized four-dimensional gravity, we require that the corrections to the
Newtonian law from the non-zero modes, the KK modes, of eq. (6.5), be very small, so
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Figure 6. The re-scaled function of A defined by eq. (6.15), where the dashed, dot-dashed and
solid lines are, respectively, for A (xg = 0.01) /35; A (zg = 1.0) /0.5 and A (x¢ = 1000) /0.005.

Lo | M1Yc | M2Ye | M3Yc
0.01 | 3.82 | 7.01 | 10.16
1.0 | 3.36 | 6.53 | 9.69
1000 | 3.14 | 6.28 | 9.42

Table 1. The first three modes m,, (n = 1,2,3) for o = 0.01, 1.0, 1000, respectively.

that they will not lead to contradiction with observations. When m # 0, it can be shown
that eq. (6.5) has the general solution,

W =a2'/? (cJo(z) + dYp(z)), (6.13)

where x = m (y + yo), and Jo(x) and Yp(z) are the Bessel functions of the first and second
kind, respectively [50]. The integration constants ¢ and d are determined from the boundary
conditions, egs. (6.7) and (6.8), which can now be cast in the form,

J1 (ze) Y1 () c\
<J1 (w0) Vi <x0>> (d) - (044

where xg = myp and x. = xg + my.. Clearly, it has no trivial solutions only when

A (1‘0, .%'c) = Jl (.%'c) Y1 (.%'0) — Jl (.%'0) Y1 (1‘6)
= 0. (6.15)

Figure 6 shows the function A (zg, my.) for g = 0.01, 1.0, 1000, respectively. Note that
in plotting these lines, properly rescaling toke place. From this figure, we find that the
spectrum of the gravitational KK towers is discrete, and weakly depends on the specific
values of x.

Table I shows the first three modes m,, (n = 1,2,3) for xg = 0.01, 1.0, 1000, from
which we can see that to find m,, it is sufficient to consider only the case where xy > 1.
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When 2z > 1 we find that z. = zo + my. > 1 and [50]

4
Yy (z) ~ \/%sin (w - %) . (6.16)

Inserting the above expressions into eq. (6.15), we obtain

2

A= i 6.17
— e sin (o). (6.17)
whose roots are given by
nmw
my,=—, (n=12,...). (6.18)
Ye
In particular, we have
1 TeV, ye ~ 10719 m,
1079 m
mp ~ 314 x | ——— | TeV~<107%2eV, y.~107° m, (6.19)
Ye

107%* eV, y.~ 1073 m.

It should be noted that the mass m,, calculated above is measured by the observer with
the metric 7,,. However, since the warped factor e?®) is not one at y = y., the physical
mass on the visible brane should be given by [7]

obs __ 7o(yc) o Ye + Yo 1/3
my® =e my, = 7 M. (6.20)

Without introducing any new hierarchy, we expect that [(ye + yo)/L]Y? ~ O(1). As a

result, we have

n
L
For each m,, that satisfies eq. (6.15), the wavefunction v, (y) is given by

1/3
mobs — (M) Mgy & Ty (6.21)

n(y) = Npz)/? ( L - : 6.22
where
_ <yo>
Lon = MplYo =N | — |,
Ye
_|_

Ty = My (Yo +y) = nm (%) . (6.23)

The normalization factor N,[= N,, (my,y.)| is determined by the condition,

Ye 9

/0 [n(y)]” dy = 1. (6.24)

Figures 7, 8 and 9 show ¢ (y), 2 (y) and 93 (y) for zo 1 = 100, 102, 104, respectively.
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Figure 7. The wavefunction, 1, (y), defined by eq. (6.22) vs myy where y € [0,y.]. The dashed,
dot-dashed and solid lines are, respectively, for zp; = 100, 102, 104.
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Figure 8. The wavefunction, v (y), defined by eq. (6.22), vs may where y € [0,y.]. The dashed,
dot-dashed and solid lines are, respectively, for zo; = 100, 102, 104.

50}

mgy

_50[

~100-
Figure 9. The wavefunction, v (y), defined by eq. (6.22), vs msy where y € [0,y.]. The dashed,
dot-dashed and solid lines are, respectively, for z¢; = 100, 102, 104.

6.2 4D Newtonian potential and Yukawa corrections

To calculate the four-dimensional effective Newtonian potential and its corrections, let us
consider two point-like sources of masses M7 and M, located on the brane at y = y..
Then, the discrete eigenfunction v, (z) of mass m,, has an Yukawa correction to the four-
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dimensional gravitational potential between the two particles [52, 55],

MMy MMy
Ulr) ===+ 3= > ™ n (el (6.25)
5 n=1
where 1, (y.) is given by eq. (6.22), with
nm
Ten = My (yc + yO) = yyo +nm. (626)
C
When zg1 = miyo > 1, we find that
N~ C08 (2mpy0)
T/ 2nmyo
2
U (Ye) =~ (=1)"TH [ = (6.27)
Ye
Then, we obtain,
l
¥n ()| ~ 2M, <yﬂ> : (6.28)
C

Clearly, by properly choosing y., the corrections of the 4-dimensional Newtonian potential
due to the high order gravitational KK modes are negligible.

7 Conclusions

In this paper, we have systematically studied the possibility of implementing the RS1
scenario [7] into type II string theory on an S'/Z, orbifold. In particular, in section
II, starting with the Neveu-Schwarz/Neveu-Schwarz (NS/NS) sector, we have first
compactified the (D + dy + d_)-dimensional spacetime on two manifolds My, and Mg_,
where the topologies of My, and My _ are unspecified. As shown explicitly there, this
particularly allows the dilaton and modulus fields to have non-zero potentials (masses),
which is in contrast to the toroidal compactification considered previously [26-28, 31-33].
After reducing the action to an effective D-dimensional one, which is given by eq. (2.16)
in the Einstein frame, we further compactify one of the (D — 1) spatial dimensions on an
S1/Zy orbifold, by adding the brane actions (2.21). This completes the whole setup of the
model to be studied in this paper. Lifting it to the original spacetime, the two orbifold
branes become (D + dy + d_ — 1)-dimensional.

In section III, we have explicitly derived the corresponding gravitational and matter
field equations both in the bulk and on the branes, by using the Gauss-Codacci and Lanczos
equations. In section IV such developed formulas have been applied to cosmology by setting
D =5 =d; +d_. In particular, the generalized Friedmann equations on the branes are
given explicitly by egs. (4.21) and (4.22).

In section V, in order to study the radion stability and radion mass, we have first
derived the general static solutions with a 4-dimensional Poincaré symmetry. Then, using
the Goldberger-Wise mechanism, we have studied the radion stability and shown explicitly
that it is indeed stable in our current setup. The corresponding radion mass is given by
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eq. (5.33), from which we can see that the observational constraint m, > 1072 eV can be
easily satisfied by properly choosing the free parameters presented in the model.

In section VI, we have studied the tensor perturbations, and shown explicitly that
the background solution is gravitational stable, and the gravity is localized on the visible
brane, as one can be seen clearly from figure 5. Due to the particular boundary conditions,
the spectrum of the gravitational KK towers is discrete, and the corresponding masses can
be well approximated by eq. (6.18), as one can see from figure 6 and table I. The mass gap
Am = m; between the ground state and the first excited state can be in the order of TeV,
while the high order Yukawa corrections to the 4-dimensional Newtonian potential, due to
the high order KK modes, is exponentially suppressed, and can be negligible.

The above results strongly support our earlier conclusions obtained in the studies of
orbifold branes in both the HW heterotic M theory [5, 25] and string theory [26-28]. In
particular, in all these models the radion is stable, and the gravity is localized on the
visible (TeV) branes, in contrast to the RS1 model [7], where the gravity is localized on the
invisible brane. Our models are much more complicated than the RS1 model and involve
several free parameters. By properly choosing them, the theory should be consistent with
observational constraints, a subject that is under our current investigations. It would be
also extremely interesting to find specific models in the current setup to explain the late
cosmic acceleration of the universe [56].
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